INTRODUCTION
Topological phases like quantum Hall systems [1] [2] [3] , topological insulators [4] [5] [6] [7] [8] [9] [10] and quantum anomalous Hall materials [11] [12] [13] [14] rank amongst the most intensely studied topics in condensed matter physics, material science and electrical engineering communities [15, 16] . In these systems, each energy band is ascribed a topological index that mandate the presence of interesting boundary states and quantized response. Soon after the discovery of such topological phases in electronic condensed matter systems, analogs in phononic (acoustic) [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] systems, photonic systems [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] or their hybrid [42] have been proposed and in some cases realized experimentally. Although topological phases with nontrivial Chern invariant in principle exist in any even number of dimensions, physical real space is limited by three dimensions. Hence all conventional topological Chern systems in two or three dimensions, i.e. quantum anomalous Hall materials, Weyl semimetals [43, 44] and their photonic analogs [31, 32, 37, 38, [45] [46] [47] [48] [49] can only be characterized by the first Chern number. Topological phases characterized by the second Chern number, dubbed four dimensional (4d) quantum Hall systems [50] cannot be realized in 3d physical space, and have for a long time been believed to exist only in theory.
Recently, it was realized that such second Chern number phases can be realized in photonic systems through synthetic dimensions. Proposals include uni-directional propagating waveguides with aperiodic structures [51] and optical fibers of Weyl materials with helical structure [52] . In the former, the synthetic dimensions arise through the identification of an aperiodic hamiltonian with a Hofstadter lattice containing twice the number of dimensions [53] [54] [55] [56] [57] [58] . This aperiodic PC is described by an effective tight-binding Hamiltonian corresponding to the tensor product of two Hofstadter models with irrational fluxes. The resultant band structure assumes a fractal form, and can be characterized by the second Chern number in the space of synthetic dimensions. While first Chern number edge states have been experimentally observed in 1d analogs of such propagating waveguides [45] , the experimental realization of their 2d (second Chern number) analogs remain elusive. Further more, a photonic system with a 2nd number which can not be factorized into two models with 1st Chern number remains to be discovered. As such, in this paper we propose an alternative realization of a state with an either factorizable or non-factorizable second Chern number that is based on conventional photonic crystals (PCs), which is highly desirable due to its maturity in experimental setup.
In this work, we construct topologically protected defect modes in a regular two dimensional (2d) PC by simply aperiodically modulating the resonator's sizes. To motivate our approach, we begin by illustrating the midgap defect modes [49, [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] of the Hofstadter model protected by the factorizable second Chern number, in a 2d resonator lattice embedded in a 2d PC. The protected defect modes, localized at the boundary of the 2d lattice, can be viewed as boundary modes in a 4d synthetic space. Next we generalize to a novel modulated resonator lattice in a 2d PC, and achieve mid-gap defect modes protected by the non-factorizable second Chern number with nonabelian berry curvature. Our calculations are performed by exactly solving Maxwell equations via the finite element method (FEM) with the Maxwell Equation solver COMSOL. Finally we propose simple experimental setups in the microwave wavelength window, with proposed PC structures of centimeter size, and which can be easily manufactured with modern fabrication technology.
TIGHT-BINDING HAMILTONIAN OF A 2D RESONATOR LATTICE
To begin with, we give a pedagogical description of the defect modes in 2d PC using a tight-binding (TB) Hamiltonian. First we convert Maxwell's equation to a tightbinding Hamiltonian in the basis of defect modes [70] (Fig  1) :
where |ψ = E H denotes an eigenmode with eigenfrequency ω. ε 0 (x, y) is a function of the refractive index in real space. Our PC consists of a lattice of equally spaced rods of dielectric constant 8 and radius 0.2a separated by air, where a is the lattice spacing. Embedded in this 2d PC is a 1d resonator chain in the x direction made up of rods with radius smaller than 0.2a, each separated by 2 regular rods (Fig. 1c) . Fig. 1 shows the solution to the Maxwell's equation in the 2d resonator chain. For the TM modes, the 2d PC regular rods form a gapped bulk state which can seen as the "vacuum" surrounding the near-flat defect mode appearing in the mid-gap (Fig. 1a) . The defect mode is a resonator confined electromagnetic mode (Fig. 1c) , which can be viewed as a photonic analog to an orbital wave function of an atom. Collectively they form the TB basis of the effective Hamiltonian of the PC. Thus we will be able to describe the defect modes with a TB model [70, 71] consisting of the on-site energy ω at every site i, and hopping amplitude t between nearest neighborhood sites i, j:
Further hoppings can be neglected as the defect modes are well-localized. Using the Bloch Theorem we can obtain the energy band of the localized state
When changing the radius of the central rod the coupouling constant t changes slowly but the on-site energy ω 0 changes dramatically. To some extent,the relation between the radius of the central rod r and the onsite energy is linearω 0 = ar + b It is worth mentioning that the qualitative nature of the defect modes can be tuned by adjusting the defect rod radius. For different range of radii, it can admit s, p, d type orbitals [66] . For simplicity, in this work we shall only consider s-type of defect modes arising from rods with radius r < 0.2a. The defect band depends on the radius of the defect rod. Fig. 1b shows that the frequency of the defect mode is a monotonic function of the radius of the defect rod. 
DEFECT MODES OF THE HOFSTADTER MODEL PROTECTED BY A FACTORIZABLE SECOND CHERN NUMBER WITH ABELIAN BERRY CURVATURE
To realize PC defect states that are protected by the factorizable second Chern number, we simply modulate the size of the resonators such that we obtain an effective Hofstadter model [45, 55] . Here we illustrate the simple example of 2d defect modes protected by the second Chern number shown in Fig. 2 . We construct this defect lattice using a similar setup as Fig. 1 , but modulate the radius of the resonators instead of keeping them constant: (4) where the tuple x and y describes a resonator located on the 3x th row and 3y th column. b is a rational number which we keep as b = p/q = 1/4. The synthetic dimension parameters k z and k w sets the radius for the first defect, which is given by Eq.4. The defect states are numerically solved with the FEM method with an q × q resonator 2d super-cell. In Fig. 2a , when we apply a periodic boundary condition for the super-cell, which means we repeat the super-cell structure in x and y direction, we can see two band gaps in the 2d Brillounin zone (BZ) of k z and k w (Fig. 2a) . However, if we take an open boundary condition in x and y direction, which means the surrounding of the super-cell is terminated with reg-ular dielectric rods constituting the bulk (Fig. 2c) . Then we see the boundary states appearing in the gap ( To understand the nature of the defect edge modes, we write down the effective Hamiltonian which should be of the form
which follows from the form of the periodic modulation in the defect radius (Eq. 4). In the s-wave approximation, the hopping between nearest resonators are constant t to leading order, and further hoppings can be dropped. This is just a superposition of two (off-diagonal) Aubry-André models [72] in different directions, with eigenmodes being products of the 1d Aubry-André model eigenmodes, which is also constructed in the Supplementary Material. Upon reinterpreting the basis modes in Eq. 9 as Laudau gauge eigenfunctions, our 2d defect PC lattice can be interpreted as a tensor product of two Hofstadter models, which hence lives in 4d space. This allows for a natural interpretation of its topology as arising from the second Chern number [51, 73] 
is the abelian berry connection. In our case, C 2 is particularly easy to compute by Fukuis method, since the product nature of the eigenmodes implies that T r(f ∧ f ) factorizes into two copies of T rf . So the second Chern number C 2 can be written as the product of two first Chern number f xz d 2 k and f yw d 2 k. The detailed calculation of both first and second Chern number using Fukui's method is shown in the Supplementary Material, in which the second Chern number is given by
The numerical result indeed proves ν 1 = −1, ν 2 = 0 and ν 3 = 0.
DEFECT MODES PROTECTED BY A NON-FACTORIZABLE SECOND CHERN NUMBER WITH NON-ABELIAN BERRY CURVATURE
We now come to the main results of this paper, which involves direct generalization of the factorizable second Chern number defect lattice construction, through modulating the radius of the defect rods shown in Fig. 3 :
where the tuple x and y describes a resonator located on the 3x th row and 3y th column. b is a rational number which we keep as b = p/q = 1/4. The synthetic dimension parameters k z and k w sets the radius for the first defect, which is given by Eq.8. The defect states are numerically solved with the FEM method with an q × q resonator 2d super-cell. In Fig. 3a , when we apply a periodic boundary condition for the super-cell, which means we repeat the super-cell structure in x and y direction, we can see two band gaps in the 2d BZ of k z and k w (Fig. 3a) . However, if we take an open boundary condition in x and y direction, which means the surrounding of the super-cell is terminated with regular dielectric rods constituting the bulk (Fig. 3c) . Then we see the boundary states appearing in the gap (Fig. 3b) , whose field distribution is shown in Fig. 3c . To understand the nature of the defect edge modes, we write down the effective Hamiltonian which should be of the form
which follows from the form of the periodic modulation in the defect radius (Eq. 8). In the s-wave approximation, the hopping between nearest resonators are constant t to leading order, and further hoppings can be dropped. Different from the Hofstadter model, its edge state is protected by a non-factorizable second Chern number with non-abelian Berry curvature
where f αβ ij
αβ is the non-abelian berry curvature for i, j dimensions of the model. It is defined by the Berry connection A αβ i = ψ α ( k)|∂ i |ψ β ( k) of the two bands below the gap. By computing C 2 by Fukuis method (see Supplementary Material for details), we find that T r(f ∧f ) cannot factorizes into two copies of T rf . In fact the second Chern number is given by (11) and the numerical result shows ν 1 = 1 and ν 2 = 1 and ν 3 = 0.
EXPERIMENTAL PROPOSAL
Here we describe a simple experimental proposal for realizing these edge states through transmission spectrum measurements in the microwave wavelength window [63] [64] [65] .
Our PC is made up of a background "vacuum" 2d lattice of rods of dielectric constant 8 with lattice constant a = 0.104 m and rod radius 0.2a. One in every three rods is replaced by a defect rod of the same dielectric constant, but of radius periodically modulated as per Eq. 4 and Eq 8 and Fig. 2 and Fig. 3 . This PC can be easily constructed with conventional PC fabrication processes. It is very easy to fabricate the PC sample with high precision since a is in the decimeter range.
A midgap edge state will appear as a distinct peak in the transmission spectrum when the wavelength is tuned within the bulk gap. From our FEM simulations we have, for instance, in the Hofstadter model case the resonant peak λ = 0.3038m when k z = −0.8, k w = 0. We can observe that topological edge states appear within the bulk gaps due to the presence of an effective magnetic flux b which takes the form of defect modulation. Similarly for our new model with non-factorizable second Chern number, the resonant peak λ = 0.2833m when k z = −1.37, k w = 0.
CONCLUSION
In summary, we have proposed a way to realize both factorizable and non-factorizable 2nd Chern number topological phases with regular, easily-fabricated photonic crystals with defect resonators (rods) embedded within a regular lattice of resonators. Through quasiperiodic spatial modulations in the defect radii, in the former case the defect lattice can be described by a direct product of effective Hofstadter models possessing topologically nontrivial Chern bands with abelian Berry curvature. In the latter case, we realize a new model with nontrivial Chern bands of non-abelian Berry Curvature. The topological signatures of these bands lie in their edge states, which are seen to traverse the bulk gaps as synthetic dimension parameters k z , k w are varied over a period. Such photonic systems can be easily experimentally realized with regular photonic crystals with dielectric rods in air, and we propose experiments realizing our precise predictions from FEM simulations. Those topologically protected defect modes has potential applications due to their immunity to small perturbations.
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SUPPLYMENTARY MATERIAL DEFECT MODES PROTECTED BY THE FIRST CHERN NUMBER
To realize PC defect states that are protected by the first Chern number, we simply modulate the size of the resonators such that we obtain an effective Hofstadter model [45, 55] . Here we illustrate the simple example of 1d defect modes protected by the first Chern number shown in (Fig. 4) . We construct this defect lattice using a similar setup as Fig. 1 , but modulate the radius of the resonators instead of keeping them constant:
where x labels the resonators in thex direction and b is an rational number. A synthetic dimension is implemented through the parameter k y , which sets the radius of the first defect. From Fig. 4 , the bandstructure (for b = 1/4) consists of a fractal hierarchy of bulk bands. Upon varying k y over a period, edge states are seen to continuously connect the bulk bands. To understand the topological origin of these mid-gap states, one refers to the effective TB Hamiltonian
which follows from the form of the periodic modulation in the defect radius (Eq.12). In the s-wave approximation, the hopping between nearest resonators are constant t to leading order, and further hoppings can be dropped. Hence we recover a variation of the 1d Aubry-André (AA) model [72] . Eq.13 can be mapped to a 2d integer quantum Hall system by reinterpreting the modes |ψ x as Landau gauge wavefunctions on a 2d lattice. If we also reinterpret k y as a momentum variable k y a, Eq. 13 becomes the Hofstadter Hamiltonian. This is just the hopping Hamiltonian on a rectangular lattice with horizontal and vertical hoppings t and λ/2, and 2πb flux threaded per plaquette, i.e. a quantum Hall system on a lattice. When the flux b = p/q is rational where p and q are relatively prime, this hopping Hamiltonian describes a Chern insulator with q bands, each with Chern numbers detailed as in Ref. 53 . If b is irrational, we can only approximately say b ≈ p/q. In the irrational limit, q diverges and the bands tend towards perfectly flat 'Landau levels' [74] .
Viewed as a Chern insulator, the midgap states are just the topological edge states corresponding to the bulk chiral anomalies [73] . Physically, they realize the pumping mechanism in Laughlin's spectral flow argument, even though in this context it is the defect modes and not electrons that are pumped. These midgap states exist at the edge (ends) of the defect line, as is evident in Fig.  4c ), and are pumped from one end to the other as the midgap state traverse a gap [75] [76] [77] . The number of states pumped over a period of k y within a gap depends on the difference in the combined Chern numbers of the bands on either side of gap.
For our FEM solution to Maxwell's equations, we take q = 4 resonators in a 1d super-cell. As illustrated in Fig. 4a , when we apply a periodic boundary condition for the super-cell, which means we repeat the super-cell structure in x direction, we can see bulk bands separated by band gaps in the 1d BZ of k y (Fig. 4a) . However, if we take an open boundary condition in the x direction, which means the that left and right sides of the supercell are terminated with regular dielectric rods in the bulk (Fig. 4c) , we see the boundary states (Fig. 4b) localized on the end of defect chain, whose field distribution is shown in Fig. 4c . 
NUMERICAL METHOD FOR CALCULATING THE FIRST CHERN NUMBER
We use The Fukuis method to compute first Chern Number [78, 79] . The BZ in this model is [0, . We define the link variable
|u(k) is the wavefunction, a q component vector. The Berry curvature can be written as
The First Chern number is given by
The numerical result gives ν 1 = 1.
METHOD FOR COMPUTING THE FACTORIZABLE SECOND CHERN NUMBER WITH ABELIAN BERRY CURVATURE
We use the Fukuis method to compute the second Chern Number [78, 79] . The BZ in this model is [0, . We define the link variable
|u(k) is the wavefunction with q 2 components. The abelian Berry curvature can be written as
The Second Chern number is given by
The numerical result gives ν 1 = −1 and ν 2 = 0 and ν 3 = 0. To visualize the calculation, we plot one Berry curvatures in an integrated form in Fig. 5 as an example. 
METHOD FOR COMPUTING NON-FACTORIZABLE SECOND CHERN NUMBER WITH NON-ABELIAN CURVATURE
We have two bands below the lowest band gap which correspond to states ψ a ( k) and ψ b ( k). Similar to the abelian case we can discretize the BZ as k µ = We define the link variable [78] 
) |ψ a (k) and |ψ b (k) are wavefunctions with q 2 components each. The abelian Berry curvature can be written as The non-abelian Berry curvature can be written as
The second Chern number is given by ν = ν 1 +ν 2 +ν 3 = k F zx F yw +F yz F xw +F xy F zw (22) The numerical result gives ν 1 = 1.0005 ≈ 1 and ν 2 = 1.0005 ≈ 1 and ν 3 = 0. To visualize the calculation, we plot one Berry curvatures in an integrated form in Fig.  6 as an example. To calculate the non-abelian Berry curvature, we consider two bands below the band with mini-gap between them. In fact, if we calculate their Chern number separately by Fukui's method in the abelian way, it will not converge to an integer even if Nb goes to infinity.
